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Abstract
Let A,B be n× n complex positive definite matrices, X any n× n complex matrix and
f a completely monotone function on (0,∞). Let m(A,B) denote the smallest among the
eigenvalues of A and B. We prove that |||f (A)X −Xf (B)|||  |f ′(m(A,B))| |||AX −XB|||
for all unitarily invariant norms ||| · |||. This supplements results of Ando, Bhatia, Kittaneh and
Kosaki.
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1. Introduction
Let Mn denote the set of n× n complex matrices. We denote by Hn the set of
all Hermitian matrices in Mn. The set of all positive definite matrices in Mn shall
be denoted by Pn. For A,B ∈Hn we shall denote by m(A,B) the smallest among
the eigenvalues of A and B, and by M(A,B) the largest among the eigenvalues of A
and B. For A = (aij ), B = (bij ) in Mn, their Hadamard product A ◦ B is the n× n
matrix whose (i, j) entry is aij bij .
A norm ||| · ||| on Mn is called unitarily invariant or symmetric if
|||UAV ||| = |||A|||
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for all A ∈Mn and for all unitaries U,V ∈Mn. A unitarily invariant norm is mono-
tone in the sense that 0  A  B implies |||A|||  |||B|||. The most basic unitarily
invariant norms are the Ky Fan norms ‖ · ‖(k), (k = 1, 2, . . . , n), and Schatten p
norms defined respectively as
‖A‖(k) =
k∑
j=1
σj (A) (k = 1, 2, . . . , n),
and
‖A‖p =

 n∑
j=1
(σj (A))
p


1/p
(1  p <∞),
where σ1(A)  σ2(A)  · · ·  σn(A) are the singular values of A.
A real valued function f on (0,∞) is said to be completely monotone if
(−1)kf (k)(x)  0 for all k = 0, 1, . . . and all x ∈ (0,∞). Here f (0) = f and
f (k), k = 1, 2, . . . denotes the kth derivative of f. There is a theorem of S.N.
Bernstein (see [8]) that says that a function f is completely monotone on (0,∞)
if and only if there exists a positive measure µ such that
f (x) =
∫ ∞
0
e−λx dµ(λ) (0 < x <∞). (1)
Let f be a real valued function defined on an interval I and let A ∈Hn have its
spectrum in I. Then f (A) is defined by the familiar functional calculus. The func-
tion f is called matrix monotone increasing (or operator monotone) if A  B im-
plies f (A)  f (B) for A,B ∈Hn with spectrum in I. If f is a matrix monotone
increasing function on (0,∞) then f admits the integral representation
f (x) = α + βx +
∫ ∞
0
(
λ
λ2 + 1 −
1
x + λ
)
dµ(λ), (2)
where α is a real number, β  0 and µ is a positive measure on (0,∞) such that∫∞
0 dµ(λ)/(λ
2 + 1) <∞ (see [3]). From the integral representation (2) it follows
that the derivative of a matrix monotone increasing function is completely mono-
tone.
van Hemmen and Ando [5] proved that if A,B ∈ Pn are such that A+ B  cI
for some c > 0 and f is a matrix monotone increasung function on [0,∞) then
|||f (A)− f (B)||| 
(
f (c/2)− f (0)
c/2
)
|||A− B|||
for all unitarily invariant norms ||| · |||. Kittaneh and Kosaki [6] generalized this
result to its commutator version by proving that if A,B ∈ Pn are such that A  aI,
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B  bI for some a, b > 0 and X ∈Mn, then for every matrix monotone increasing
function f on (0,∞)
‖f (A)X −Xf (B)‖p  c(a, b)‖AX −XB‖p,
where c(a, b) = (f (a)− f (b))/(a − b) if a /= b and c(a, b) = f ′(a) if a = b. Bha-
tia [4] proved the above inequality for all unitarily invariant norms when X = I and
b = a, using Fréchet differential calculus. A special corollary is the inequality
|||Ar − Br |||  rar−1|||A− B||| (3)
for 0  r  1 and A,B ∈ Pn such that A  aI, B  aI for some a > 0. Let 1 
r <∞. Then 0  1
r
 1 and inequality (3) gives
|||A1/r − B1/r |||  1
r
a(1−r)/r |||A− B|||. (4)
Observe that Ar  arI and Br  arI . Therefore on replacing A by Ar, B by Br
and a by ar in inequality (4), one gets
rar−1|||A− B|||  |||Ar − Br |||
for 1  r <∞. It is natural to ask what happens for negative values of r. We settle
this problem and prove a more general result for completely monotone functions. We
prove that if the function f is completely monotone on (0,∞) then
|||f (A)X −Xf (B)|||  |f ′(m(A,B))| |||AX −XB|||
for all X ∈Mn, A,B ∈ Pn and for all unitarily invariant norms ||| · |||. This in par-
ticular includes the inequality
|||Ar − Br |||  |r|(m(A,B))r−1|||A− B|||
for all −∞ < r  0 and A,B ∈ Pn. We would like to mention here that for a com-
pletely monotone function f on (0,∞), the inequality
2|||f (A+ B)|||  |||f (2A)+ f (2B)|||
for A,B ∈ Pn, was proved in [2].
2. Main results
The following theorem is the main result.
Theorem 2.1. Let f be a completely monotone function on (0,∞). Let X ∈Mn and
A,B ∈ Pn. Then
|||f (A)X −Xf (B)|||  |f ′(m(A,B))| |||AX −XB|||
for all unitarily invariants norms ||| · |||.
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Proof. First we prove the result for the function fλ(x) = e−λx, λ, x > 0 and for
B = A. Note that we can assume A = diag(λ1, λ2, . . . , λn). Let X = (xij ). Then
fλ(A)X −Xfλ(A)= (e−λλi − e−λλj ) ◦ (xij )
= (−λ)
(
e−λλi − e−λλj
(−λ)λi − (−λ)λj
)
◦ (AX −XA)
= (−λ)Y ◦ (AX −XA),
where
Y =
(
e−λλi − e−λλj
(−λ)λi − (−λ)λj
)
= (yij ).
(Note that here we are assuming yij = e−λλi if λi = λj .) Therefore
|||fλ(A)X −Xfλ(A)||| = λ|||Y ◦ (AX −XA)|||. (5)
Let
D = diag(e−λλ1 , e−λλ2 , . . . , e−λλn).
Observe further that
∫ 1
0
esyet (1−y) dy =
{
es−et
s−t , s /= t
es , s = t.
Then
|||Y ◦ (AX −XA)||| =
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∫ 1
0
Dy(AX −XA)D1−y dy
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

∫ 1
0
‖Dy‖ |||AX −XA||| ‖D1−y‖ dy
 |||AX −XA|||
∫ 1
0
e−m(A,A)λye−m(A,A)λ(1−y) dy
= e−m(A,A)λ|||AX −XA|||.
Thus from (5), we get
|||fλ(A)X −Xfλ(A)|||  λe−m(A,A)λ|||AX −XA|||.
On replacing A by
(
A 0
0 B
)
,
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and X by
(
0 X
0 0
)
in the above inequality and using that∣∣∣∣
∣∣∣∣
∣∣∣∣
(
0 Z
0 0
)∣∣∣∣
∣∣∣∣
∣∣∣∣ = |||Z|||,
one gets
|||fλ(A)X −Xfλ(B)|||  λe−m(A,B)λ|||AX −XB|||. (6)
This is the desired inequality for fλ. Now on using integral representation (1) and
inequality (6), we have
|||f (A)X −Xf (B)|||=
∣∣∣∣
∣∣∣∣
∣∣∣∣
∫ ∞
0
fλ(A) dµ(λ)X −X
∫ ∞
0
fλ(B) dµ(λ)
∣∣∣∣
∣∣∣∣
∣∣∣∣
=
∣∣∣∣
∣∣∣∣
∣∣∣∣
∫ ∞
0
(fλ(A)X −Xfλ(B)) dµ(λ)
∣∣∣∣
∣∣∣∣
∣∣∣∣

∫ ∞
0
|||fλ(A)X −Xfλ(B)||| dµ(λ)
 |||AX −XB|||
∫ ∞
0
λe−m(A,B)λ dµ(λ)
=|f ′(m(A,B))| |||AX −XB|||.
This completes the proof of the theorem. 
Since the derivative of a matrix monotone increasing function on (0,∞) is com-
pletely monotone, we have the following corollary:
Corollary 2.2. Let f be a matrix monotone increasing function on (0,∞), X ∈Mn
and A,B ∈ Pn. Then
|||f (1)(A)X −Xf (1)(B)|||  |f (2)(m(A,B))| |||AX −XB|||
for all unitarily invariant norms ||| · |||.
Corollary 2.3. Let A,B ∈ Pn, X ∈Mn and −∞ < r  0. Then
|||ArX −XBr |||  |r|(m(A,B))r−1|||AX −XB|||
for all unitarily invariant norms ||| · |||.
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Proof. Since the function f (x) = xr , −∞ < r  0 is completely monotone on
(0,∞), one has the desired inequality by Theorem 2.1. 
The following theorem can be proved by the argument used in the proof of Theo-
rem 2.1.
Theorem 2.4. Let g(x) = ∫∞0 eλx dω(λ), x > 0, where ω is a positive measure,
A, B ∈ Pn and X ∈Mn. Then
|||g(A)X −Xg(B)|||  g′(M(A,B))|||AX −XB|||
for all unitarily invariant norms ||| · |||.
It is proved in [7, Theorem 4.3] that
|||AX −XB|||  |||eAX −XeB ||| (7)
for all A,B ∈ Pn and X ∈Mn. The following corollary provides an upper bound
for |||eAX −XeB |||.
Corollary 2.5. Let A,B ∈ Pn and X ∈Mn. Then
|||eAX −XeB |||  eM(A,B)|||AX −XB|||
for all unitarily invariant norms ||| · |||.
Remark 2.6. Replacing A by log(A+ I ) and B by log(B + I ) and taking X = I in
inequality (7) and Corollary 2.5, one gets
||| log(A+ I )− log(B + I )|||
 |||A− B|||
 (M(A,B)+ 1)||| log(A+ I )− log(B + I )|||
for all unitarily invariant norms ||| · |||.
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